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A generalization of van der Corput’s difference theorem

Definition 1: Let H be a Hilbert space and U : H — H a unitary operator.

(i) fis astrongly mixing element of (H,U) if for any g € H we have
limy,—soc (U™ f, g) = 0.

(i) fis arigid element of (H,U) if there exists a sequence (kp)>2 4
which limy, o0 [|[UR f — f]| = 0.

C N for

Definition 2: Let ‘H be a Hilbert space and (fn)n , a bounded sequence of
vectors in H. (fn)y2 is a nearly strongly mixing sequence if for all weakly
permissible triples of the form ((fn)pZ1, (9n)pz1, (Ng)g2), we have

1 o
lim lim —Z(fn+h,gn> = 0. (1)

h—00 ¢—00 Nq 1

e.. (fn)oqisastrongly mixing (rigid) element of (J#, S) where S is a Hilbert

Space of sequences of vectors from H and S is a unitary operator induced by
the left shift.

Theorem 3(cf. Corollary 2.2.15 and 2.2.17 in [1]); Let H be a Hilbert space

and let (f)>2 be a bounded sequence of vectors in H. If
| N
Jim  limsup Nz_:<fn+hafn> — 0, or (2)
1 v
Jm Z(fwh, fa)| =0, (3)
then (fn),2 is a nearly strongly mixing sequence.

Definition 4: A bounded sequence of vectors (¢p)>2 | in a Hilbert space H is
a rigid sequence if for all permissible triples ((cn)pZy, (cn)pzy, (Ng)g2y) there
exists (km)y>_; € N for which

lim lim _ZHCTH‘]{ — P = 0. (4)

m—00 ¢—00 Nq

See end of Definition 2.

Theorem 5: Let H be a Hilbert space, (zy)7° ; be a bounded sequence of
vectors that is nearly strongly mixing, (yn )2 a bounded sequence of vectors
thatis rigid, and (¢p,)>2 ; @ bounded sequence of complex numbers that is rigid.

N
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(i) Jim Iz > enzall = 0.
n=1
| N
(i) ngnOONZm,ym = 0.
n=I1
N
(i) If H = L*(X, ), then hm H—Zynaan = 0.
_>
n=1

Remark 6: Analogues of Theorem 2 and Corollary 3 for other levels of the
ergodic hierarchy of mixing as well as variations in the context of uniform
distribution are discussed in Chapter 2 of [1]. Furthermore, Theorem 2 and
Corollary 3 have analogues for any Falner sequences (not just (|1, N|)37_;).

Recurrence with noncommuting transformations

Theorem 7(Corollary 1.7 in [2]): Let a : R+ — R be a Hardy field function for
which there exist some € > 0 and d € Z. satisfying

a(n) . pd+1
n—00 a(n)

= 0. (E.g. a(n) =n”, 8 € R>1 \ N) (5)

lim
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Furthermore, let (X, %, u) be a probability space and T, S : X — X be mea-
sure preserving transformations (not necessarily commuting). Suppose that
the system (X, %, u, T) has zero entropy. Then

(i) Forevery f,g € L°°(X, u) we have

lim — " S =K\ f\Zr| - ElglZ 6
A E /- g = Ef|Z7] - Elg|Zs) (6)
Wh@l’@ the |ill|it iS taken iﬂ L2(X, ,LL).
(ii) FOI’ every A - 95’ we have
. EN la(n )J
¥ A NT "AN S Ln > (A 3.
Nlm 2 1u ) ,u( ) (7)

Question 8(cf. Problem 2 in [2]): Let (X, A, u,{S,T}) be as in Theorem / and
fr9 € L(X, p).

() Is it true that the averages

lim —ZT“ £.gpin (8)

N—)ooN

converge in L*(X, 1) when p(n) = n or p(n) = n??

(i) Is it true that for every A € £ with u(A) > 0 there exists n € N such that

WANT AN SPMA4) > 0 (9)

when p(n) = n or p(n) = n*?

A positive answer to Question 8 is forthcoming in [3].

Theorem 9(cf. Theorem 2.5.51in [1]): Let (X, £, u) be a probability space and
et 7,5 : X — X be measure preserving transformations. Suppose that the
m.p.s. (X, %, u,T) is rigid, and that the m.p.s. (X, %, u,S) is totally ergodic.
Let (kn)>2; € N be a sequence for which ((k,.p, — kn)o (mod 1))2° ; is uni-
formly distributed for allaa € R\ Q and h € N.

(i) Forany f,g € L (X, u) we have

Jim N - Z T"f - S'ng = E[f|Z7] - Elg|Zg], (10)
with convergence taking place in L?(X, u).
(i) If A e A then
N N
Nlinoo— Z W(ANT"ANS ™ 1 A) = pu(A) Jim Z W(ANT " A) > p(A).

(11)

(1) 1 ((Kprp, — kn)a) 22 1 is uniformly distributed in its orbit closure for all & € R
(e.g. ky = |nlog?(n)]) then (i) holds even when (X, 4, i, S) is not ergodic.

Szemeredi's theorem and multiple recurrence

Iheorem 10(Furstenberg’s correspondence principle): If A C N is such that
d(A) > 0, then there exists a measure preserving system (X, %, u,T) and
E € # with u(E) > 0 such that for all n, ¢ € N we have

dAN(A—n)N(A=2n)N---N(A—tn)) > W(ENT "ENT2"EN---NT~"E)

Theorem 11(Furstenberg, 1977): For any measure preserving system
(X, %B,u, T)and any E € % with u(E) > 0, there exists n € N for which

WENT "ENT En---NnT~™ME) > 0. (12)

Sets of K but not K’ + 1 Recurrence

Theorem 12(Theorem 1.4 and Corollary 4.4 of [4]): Let kK > 2 be an integer
and a € R be irrational. Let R = {n € N | nFa € [i, %]}.

(i) If (X, A, u)is aprobability space and T, Ty, - - ,Tj._1 : X — X are
commuting measure preserving transformations, then for any A € £ with
u(A) > 0, there exists n € R for which

wANT"ANT, AN ---NT,. L A) > 0. (13)

(i) There exists a m.p.s. (X, A, u,T) and a set A € A satisfying u(A) > 0
such that for all n € R we have

WANT "ANT AN NT*4) > 0. (14)

Theorem 13(Theorem 2.5.8 m 11]): Let kE > 2 be an integer and @ € R be
irrational. Let R = {n € N | nfa € [ ]} Let (X, %, 1) be a probability space
and S, T, T, -+, Ti._1 : X — X commuting invertible measure preserving
transformaﬁons for which (X, %, i1, S) is rigid9. Forany A € & with u(A) > 0,
there exists n € R for which

wANS"TANT "ANT, "AN---NT, " A) > 0. (15)

't is worth noting that the example of a m.p.s. (X, A, u, T) given in [4] satisfy-
ing Theorem 10(ii) has zero entropy. Consequently, the analogue of Theorem
11 in which S has zero entropy is not true.
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X, B, u,S) is rigid if there exists a sequence (k,)>°,; C N for which (S§*) | converges to the identity operator.

If (X, %, u,S) is rigid, then each f € L*(X, u) is a rigid element of (L*(X, i), Us).
Every group rotation is rigid, and every rigid system has zero (measurable) entropy.
“Most” weakly mixing systems (X, %, u, S) are also rigid.



