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Connections between van der Corput’s
Difference Theorem and the Hierarchy of
Mixing Properties.
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Some Existing Variants of van der Corput’s
Difference Theorem

vdC1: Let H be a Hilbert space and (x,)>2,; C H a bounded sequence of
vectors. If

N

, 1
]\}I—EHOO N z;<xn+h7 xn> — 07

for every h € N, then

|
A}EHOOHNEE%H = 0.
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Some Existing Variants of van der Corput’s
Difference Theorem

vdC2: Let H be a Hilbert space and (x,)>2,; € H a bounded sequence of
vectors. If

N

1
lim N Z(xn+h, Tp)

N—o0

lim
h—00

n=1

then

|
A}EHOOHNEE%H = 0.

OSU ET&CNT Seminar Fall 2020 Sohail Farhangi



van der Corput’s Difference Theorem and Mixing Slide 4/77

Some Existing Variants of van der Corput’s
Difference Theorem

vdC3: Let H be a Hilbert space and (x,)>2,; C H a bounded sequence of
vectors. If

then

OSU ET&CNT Seminar Fall 2020 Sohail Farhangi



van der Corput’s Difference Theorem and Mixing Slide 5/77

Generalizing Existing Variants of van der Corput’s
Difference Theorem

MvdC1: Let H be a Hilbert space and (x,)52; C H a bounded sequence of
vectors. If

1l
A}gnooﬁz;mm,xw =0,

for every h € N, then (x,)>2, is a nearly orthogonal sequence.

Intuitively, (x,)>2; C H is a nearly orthogonal sequence if there exists

another (to be specified) Hilbert space 2 whose elements are sequences of
elements from H, and {(z,4+1)72 }72, is an orthogonal set of vectors in .72

OSU ET&CNT Seminar Fall 2020 Sohail Farhangi



van der Corput’s Difference Theorem and Mixing Slide 6/77

Generalizing Existing Variants of van der Corput’s
Difference Theorem

MvdC2: Let H be a Hilbert space and (x,)>°; € H a bounded sequence of

vectors. If
T el ZOO : -
lm lm - _ n 9 n — 9
h— o0 N—>OON — Lrth

then (z,)>, is a nearly strongly mixing sequence.

Intuitively, (z,)°2; C H is a nearly strongly mixing sequence if there exists
another (to be Spe(31ﬁed) Hilbert space ¢ whose elements are sequences of
elements from H, and {(z,,.1,)%,}7°, is a strongly mixing sequence of vectors'

in J.

'As defined by Berend and Bergelson
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Generalizing Existing Variants of van der Corput’s
Difference Theorem

MvdC3: Let H be a Hilbert space and (x,)>%; € H a bounded sequence of
vectors. If

H

1
lim —
HT&H;

oo

— 1
]\}EHOON Zl <$n—|—h7 xn>

then (z,):°, is a nearly weakly mixing sequence.

Intuitively, (z,)5°; C H is a nearly weakly mixing sequence if there exists
another (to be specified) Hilbert space # whose elements are sequences of
elements from H, and {(z,17)5%,}52, is a weakly mixing sequence of vectors?

in .

2As defined by Berend and Bergelson
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A New Variant of van der Corput’s Difference
Theorem

MvdC4: Let H be a Hilbert space and let (z,)°°, € H be a bounded
sequence. If

, 1
Jm - sup | (Znsns Tn)| =0,
o0
N.H>K \<h<H
1<n<N
then
N

OSU ET&CNT Seminar Fall 2020 Sohail Farhangi



van der Corput’s Difference Theorem and Mixing Slide 9/77

A Closer look at MvdC4

Example 1: Let @ € R\ Q be arbitrary and let L : [0,1) — [0,3)
denote the map x — 2z. The sequence (y,,)>, given by ys, = L(2na) and
Yon—1 = L((2n — 1)) + 3 for all n € N satisfies

(1) (yn)oey is (well) uniformly distributed.

n=1
(2) (yn)22, is not totally uniformly distributed (and therefore not 'weakly
mixing’).
(3) (Ynth = Yn)n.nyenz is uniformly distributed.

(4) For each h € N the sequence (y,+n — Yn)>2; takes on exactly 2 distinct
values.
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A Closer look at MvdC4

Example 2: Let @« € R\ Q be arbitrary, and consider the sequence

(2,)24 C T given by z, = ma for () <n < (m;—l)
(Zn);;o:1 = ., 20[, 2&, 3@, 3@7 304, 404’ ..

(2n)p 18 a uniformly distributed sequence, but (2,45 — 1) p)en2 18 nOt
uniformly distributed.
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Another New Variant of van der Corput’s Difference
Theorem

MvdC5: Let ‘H be a Hilbert space and let (f,)>2; € H be a bounded se-
quence. We have that

_ 1
lim Sup ﬁ Z <fn+ha fn> — Oa

R=00 N H>K Ny, Hy>1 Ho<h<Hy+H-1
No<n<Ny+N-1

if and only if

No+N-1

, 1
i s S0 fll =0

K—00 N> K, Ny>1 =N
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The Correct Point of View

Let ‘H be a Hilbert space, let (fn)521, (gn)ne1 © H be sequences of vectors
satisfying

N N
—— 1 2 —— 1 2
Jim E_lﬁ [/all” < o0 and lim — 5_1 [gn||” < 0. (1)

Let (INg)o2; be an increasing sequence of positive integers for which
.

qlggo N, ;(xmh, Yn)H

exists whenever (2,,)0° 1, (Yn)ooq € {(fn)olq, (gn)oe 1} and h € N.
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The Correct Point of View

We can now construct a new Hilbert space J((fn)nZ1, (9n)nz1s (Ng)gZ1)
from (fu)nZy, (gn)ney and (Ng)o2; as follows. For any

(5’371)720:17 (?h)%o:l < {<fn>730:17 (gn)%ozl} and h € N, we define

.
(Tnen)nirs Yn)per) e = qh_{go ﬁq nz;<5’7n+ha Yn)H-

We see that (-, -) » is a sesquilinear form on .7 = Spanc({(frn)5o1 72U
{(gnn)2q}72). Letting S = {ax € ' | (x, ) = 0}, we see that /S
is a pre-Hilbert space, so we define J2((f.)721, (gn)ne1, (Ng)g21) to be the
completion of J#”/S. We call J2((fn)1, (gn)pet, (Ng)o21) the Hilbert space
induced by ((fn)r21, (gn)o2 1, (Ny)o2,). We note that the shift operator U given

q=1
by U((2,)5%1) = (xn11)52 induces (by abuse of notation) a unitary operator
U. 0 — .
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van der Corput and Mixing

n=1»

be such that 2 := H((2n)521, (Yn)ner, (Ng)o2y) is well defined. If

MvdC1: Let (x,)5° 4, (yn)o2; € H be a bounded sequence. Let (N,)>°; C N

q: p—

<<xn+h>?:17 (xn)?:1>e%ﬁ — 07 for CVery h € N7

then {(z,1)22,}%2, = {U"(x,)°,}52, is an orthogonal set in . In
particular, for any over v € J¢, we have

©.9)
> @iy Ol < (1715 = Z\ (U (@n)nl, O)oel” < 119115 < 0.
h=1 h=1
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van der Corput and Mixing

n=1»

be such that 2 := H((2n)521, (Yn)ner, (Ng)o2y) is well defined. If

MvdC2: Let (x,)7° 4, (yn)o2; € H be a bounded sequence. Let (N,)>°; C N

q: p—

©.@)

T ()52, (2a)in) e = 0,
—00

then {(@,40)0%152, = {U"(2,)%,}52, is a strongly mixing sequence in
€. In particular, for any over v € J¢, we have

— —

lim (2 10)004, U)o = lim |{ (UM (2,) LU e| =0.
h—o00 h—o0
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van der Corput and Mixing

n=1»

be such that 2 := H((2n)521, (Yn)ner, (Ng)o2y) is well defined. If

MvdC3: Let (x,)7° 4, (yn)o2; € H be a bounded sequence. Let (N,)>°; C N

q: p—

}}EHOOEZI ZUn_|_h n=1> xn)n 1>=%ﬂ’ O

then {(z,15)%,15%, = {U"(x,)2%,}52 , is a weakly mixing sequence in 7.
In particular, for any over v € ¢, we have

[}gnooEZ\ et Dol = Jim = 3 (UM, | =0
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Clap here
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