Problem 1: Evaluate
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by changing the order of integration.

Hint: Start by drawing a picture of the region of integration.

Solution: We change the order of integration as shown in the pictures below.
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FIGURE 1. Traversing the region of integration when dA = dydx.
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FIGURE 2. Traversing the region of integration when dA = dxdy.
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Problem 2: Find the volume of the solid S in the first octant that is bounded
by the cone z =1 — y/x? + y? and the plane x + y + z = 1.
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Solution 1: We see that

5 Voets) = [ av= [ /0“ [
0 // VT
7 - / /01Z(¢<1—z>2—y2—<1—z—y>)dydz.

We see that evaluating (the difficult part of) the inner integral in (7) is tanta-
mount to evaluating

<8> [ Vi

which is certainly possible, but it is difficult and computationally intensive,
so we will evaluate the volume by an alternative method. If we more closely

examine the integrals in (5), then we see that
Page 3



Sohail Farhangi Solutions to the Math 2153 Recitation Handout for 11/18/2021

P
(9) / / ldzdy
0 1—z—y

calculates the area of the cross section C, shown in figure 3.
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FIGURE 3. The cross section of S at a particular height z.

Using elementary Euclidena geometry, we see that
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Solution 2: Let C' be the portion of the cone z = 1 — /22 + y? that is in the
first quadrant and let T" be the tetrahedron with vertices (0, 0,0), (1,0, 0), (0, 1, 0),
and (0,0,1). We see that S is simply the solid C' with the solid T" removed

from it. Recalling that the volume of a cone of radius r and height h is %m"zh,

and that the volume of a tetrahedron with height h and a base of area b is %bh,
we see that

1 1 1 1 — 2

(12) Vol(8) = Vol(C) = Vol(T) = 511 - —2-(5-1-1) 1= ”12 .
~— —
QI Area of base

Solution 3: We proceed as we did in Solution 2, but we will now derive
the formula for the volume of C' and T" by using a triple integral in cylindrical
coordinates for C' and a triple integral in Cartesian coordinates for T'. Recalling
that the Cartesian equation z = 1 — \/x? 4+ y? is rewritten as z = 1 — r in
cylindrical coordinates, we see that
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Problem 3: Evaluate

4 sin(
(20) / / / 3 dyd:z:dz
2

Hint: A different order of integration can make the problem easier, even
though 1t is not necessary.

Solution: We see that trying to evaluate the inner integral in the current
order of integration is tantamount to evaluating

(21) / c1 sin(co/y)dy,

which is very difficult, so we decide to change the order of integration in hopes
that the inner integral becomes easier to evaluate. We see that integrating with
respect to z in the inner integral is not any easier since z and y are symmetric
in the integrand, so we decide to integrate with respect to x in the inner integral
in our new order of integration. Since z and y are symmetric in the integrand,
the difficulty of the integrations doesn’t seem to change if we use dxdydz or
dxdzdy, so we will use the order dxdydz in order to reduce our workload by
only changing the order of dz and dy instead of changing the order of dz, dy,
and dz. We see that the bounds that we have in (20) tell us that

1 <z < 4 1 <z < 1
22 z < x < 4z — 0 < < 72,
(22) y

O§y§7r2 z < x < 4z

Thankfully, we didn’t have to do any work to interchange the order of dx and
dy since the bounds for ¢ in the first order of integration were independent of
x. We now see that

4z sm yz 4z
(23) / / / ———dydzdz = / / / sin(/yz dedydz
2

Page 7



Sohail Farhangi Solutions to the Math 2153 Recitation Handout for 11/18,/2021

(24) - /1 4 /0 : —2sin(y/yz)z

(25) / / —2sin(y/yz)(4z)” 74 QSin(\/gﬁ)z_%) dydz

(26)
() e [ [

We see that evaluating the inner integral at the end of (26) is again tantamount
to evaluating the integral in (21), so we decide to change the order of integration
once again. Note that this is equivalent to having decided to use the order
dxdzdy from the beginning, but we were not able to see that dxdzdy was the
best order of integration until now. Nonetheless, our initial change in the order
of integration did allow us to make progress despite not being the best possible
order of integration.

(27) / / SVIZ) s — / / VI oy,

Recalling that y does not change when evaluating the inner integral with respect
to z, we treat y as a constant (relative to z) to perform the u-substituion

VY Ve
2\[dzd \/@

4z
dydz

T=z

(28) u=/yz,du =

We now see that

2
(20) / / sin( 1yz zdy—/ / sin(u dudy
22

4 B - cos(y/YZ)
zzldy - /O \/§

™ 9 cos(u) 4

(30) =) A

dy

z=1
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2

(32) u_ygjfﬂ(—4(@ﬂ2u)+wiaﬁﬁﬁ)du-—(—25Hﬂ2u)+4shﬂu” '

=0 y=0

2

(33) = (—2sin(2\/y) + 4sin(\/y)) = 0].

Y
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Problem 4: Find the volume of the solid region S outside the cone ¢ = 7
and inside the sphere p = 4 cos(p).

2 m
2 .
-"""“--_._.
T —
- - \\\‘““m

First Solution: We will proceed by using spherical coordinates. Due to the
symmetry of our solid with respect to 6 we begin by taking a cross section with
the xz-plane. Since we are working in spherical coordinates, the cross section
will be in coordinates similar to polar coordinates. Remember that the angle
© is measured from the z-axis and satisfies 0 < ¢ < 7, not 0 < < 27w, Also
remember that this cross section is showing you the portions of the solid from

0 =0and § = .

+ L # « F
@ Z=X +
N -
U z X &
(z—2)2+x2=4
6
)
A

FIGURE 4. The xz-plane cross section in spherical coordinates.
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We now see that for any 6 € [0, 27) we have that T < ¢ < 7. Recalling that
the blue circle is defined by p = 4 cos(ip), we see that once ¢ is also chosen we
have that 0 < p < 4cos(p). We now see that the volume of the solid is given

by

(31)  Volume(S / / / 1V = / K / / i oYdpdidd

2m % 4cos( ) 64 5
S sin(yp dpdf = — cos”(p) sin(p)dp df
=0 0 % 3 H/_’;), W—’_du
2T 2m s
64 L 412
(36) / Wdudd = —— | ~u'|” do
3 4 @z%
64 771 5 64 1 64 -1 [8
(37) = —— = cos*(ip) i —— ——d@ = Zop. o0
3 /), 4 . 3 ), 16 3 6 |3

Second Solution: We will proceed by using cylindrical coordinates. Due
to the symmetry of our solid with respect to 8 we begin by taking a cross
section with the xz-plane. Since we are working in spherical coordinates, the
cross section will be in coordinates similar to Cartesian coordinates with (r, z)
taking the place of (x, ). Remember that this cross section is also showing you
the portions of the solid from 6 = 0 and 6 = 7.
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& 0 isnot 0 in this region.
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FI1GURE 5. The xz-plane cross section in cylindrical coordinates.
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We now see that for any 0 < 6 < 27 we have that 0 < z < 2. Noting that we
have 7 = /4 — (2 — 2)2 = V42 — 22 on the blue circle, we see that once 2 is

chosen we have z < r < v/4z — z2. We now see that the volume of the solid is
given by

2 P2 pVAz—22
(38) Volume(S) = /// 1dV :/ / / rdrdzdd
S 0 0 Jz

2m 2 1 VAaz—22 2m 2
(39) :/ / —p? dzdf :/ / (22 — 2%)dzdb
o Jo 2 I o Jo

(40) / (z2——z3)( d@:/ Lg = 2T
0 3 0

0 3 3
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Problem 5: Find the volume of the solid region S that is bounded by the

cylinders r = 1 and r = 2, and the cones ¢ =

]

s

6

and ¢ = 3.

First Solution: We will proceed by using spherical coordinates. Due to the
symmetry of our solid with respect to 6 we begin by taking a cross section with
the xz-plane. Since we are working in spherical coordinates, the cross section
will be in coordinates similar to polar coordinates. This time we will focus
on the right of the z-axis (y-axis) in order to only see the part of the solid
corresponding to # = 0.

+ ‘e
B x =1 (fromr=1)
c/ ¥ =2 (fromr=2)
a/ Z= % Makes an angle of 60 degrees
3 with the z-axis.
» 5 Makes an angle of 30
Y z= 3 degrees with the z-axis.
a

FIGURE 6. The xz-plane cross section in spherical coordinates.
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We see that for any 0 < 6 < 2 we have & < ¢ < Z. Noting that r = psin(yp),
we see that when r = 1 we have p = csc(gp) and When r = 2 we have p =
2 csc(yp). It follows that once ¢ is also chosen we have cse(p) < p < 2cesc(y).
We now see that the volume of the solid is given by

2T 2 cse(p
(41) Volume(S / / / 1dV = / / / p? sin(p)dpdpdd
27 %1
) = [ [ geme)]
o Jr 3

(43 - / Lol

Second Solution: We will proceed by using cylindrical coordinates. Due
to the symmetry of our solid with respect to 8 we begin by taking a cross
section with the xz-plane. Since we are working in spherical coordinates, the
cross section will be in coordinates similar to Cartesian coordinates with (7, z)
taking the place of (x,y). This time we will focus on the right of the z-axis
(y-axis) in order to only see the part of the solid corresponding to 6 = 0.
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FI1GURE 7. The xz-plane cross section in cylindrical coordinates.

Page 14



Sohail Farhangi Solutions to the Math 2153 Recitation Handout for 11/18,/2021

We note that for any 0 < 0 < 27 we have 1 < r < 2. Once r is also chosen,

we see that %r < z < rv/3. We now see that the volume of the solid is given

by

2T 2 r\/g
(44) Volume(S) = /// 1dV :/ / / rdzdrdf
S 0 1 JLly
V3
27 2 T\/§ 2 2 9 2T 9
45 :/ / rz d?“d@z/ / —Terd@:/ =3
(45) o J1 g o J1 V3 0 3V3

2T 14 28T
46 = —df =|—|
@ | s

2

do
1
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Problem 6: Find the volume of the solid cylinder £ whose height is 4 and
whose base is the disk {(r,6) : 0 <r < 2cos(6)}.

Al

Solution: We first look at the cross section of E in the xy—plane to help us

determine our bounds.
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4 r5 2 cos(f)
(47) Volume(F) = /// 1dVv :/ / / rdrdfdz
E o J-3Jo

4
gy
0 _

(19) = /0 4 /_ %(cos(Zﬁ)Jrl)dez— / (%Sin(%)—i—@)
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