Modified Problem 4.4.9: Find the general solution to the differential
equation

(0.1) y" + 1y = sec(t).

Solution: We see that 1,sin(¢), and cos(t) are 3 linearly independent so-
lutions to the homogeneous equation corresponding to equation (0.1). Letting
Y'(t) denote the general solution to equation (0.1), we recall that

(0.2) Y{(t

) =
i [ PO [0 ) [0,

(0.3)
=1 ./0 ngﬁ;gc(t)dt—i—sin(t)/o Wzgg(sgc(t)dt—kcos(t)/o ngg(sgc(t)dt.
Noting that

1 sin(t)  cos(t)
(0.4) W(t)=W(1,sin(t),cos(t)) = |0 cos(t) —sin(t)
0 —sin(t) — cos(?)

(0.5) =1-

—sin(t) — cos(t) | —sin(t) — cos(t)

cos(t) —sin(t) ‘ B

sin(t)  cos(t) ' Y

sin(t) cos(t)'
cos(t) —sin(t)

cos(t) —sin(t : :
= 811(1(35) B cos%t;‘ = cos(t)(— cos(t)) — (—sin(t))(—sin(t)) = —1,

0 sin(t)  cos(t)
(0.7) = Wi (1,sin(t),cos(t))(t) = |0 cos(t) —sin(t)
1 —sin(t) — cos(t)

sin(t)  cos(t)

(08) ~ |cos(t) —sin(t)

‘ = sin(t)(—sin(t)) — cos(t) cos(t) = — 1,
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1 0 cos(t)
(0.9) Wa(t) = Wo(1,sin(t), cos(t))(t) = |0 0 —sin(t)
0 1 —cos(t)
(0.10) _'é _CZ?I% — (1 (—sin{t)) — 0- cos(t)) = sin(t), and
1 sin(t) 0
(0.11) = Wi(1,sin(t),cos(t)) = |0 cos(t) 0
0 —sin(t) 1
(0.12) = é 22;8 —1-cos(t) — 0 - sin(t) =

We now see that

(0.13) Y (¢)
/ Wi (t) sec(t / Wh(t) sec(t / Wi(t) sec(t
+ sin(t + cos(t

(0.14) = / —1- Sec( )d +sint >/ Sm(t) sec( )d F+cos(t )/ cos(t) sec(t)dt

—1 —1 —1

(0.15) _ /0 'sec(t)dt — sin(t) /O tan(t)dt — cos(t) /O L

(0.16) = In|sec(t) 4 tan(t)| + c¢; — sin(t)(—In| cos(t)| + ¢2) — cos(t)(t + ¢3)

(0.17) = (In|sec(t) + tan(t)| + sin(¢) In | cos(t)| — ¢ cos(t))

7

y;@)

+ (1 — e Sm(t) — czcos(t)).
vel?)
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Problem 5.3.4: Let y = ¢(x) be a solution to the initial value problem

(0.18) oy + 2%y +sin(z)y =0;  y(0) = ag,y'(0) = a.

Find ¢"(0),¢"(0), and ¢'*(0).

Solution: We proceed by trying to find a series solutions to equation (0.18)
centered at x = 0. Letting

(019)  y(z) = ¢(x) = Y anz" = ap+ a1z + as2” + asa® + aga’ + -,
n=0

we see that gb(”>(0) = nla,, so we only need to determine as, as, and ay. We
also note that

(0.20) o/ (z) = Znanx”_l m2- Z (m + Dag2™
n=0 m=—1
o
= Z(m + Day 2™ = a1 + 2a0x + 3asx® + dagx® + bagzt + -+ -,
m=0
(0.21) 2%y (z) = Z(m + Dayxc b=t Z(/{: — Dagp_iz"
m=0 k=2
= a12” + 2a97° + 3azgzt + - - -,
(022) y"(x) = n(n—Daz" 2= Y (1 +2)(j + Dajpa’
n=0 j=—

= Z(j+2)(j+1)aj+2:cj — 2a9+6asx+ 12a42% 4+ 20as2° +30agz* +- - -, and
=0

3 ad

(0.23) sin(x)y(z) = ($—6+m— - Nao+ a1z +asz® +asz’ +asat +- - )
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3

T

(0.24) = a(ag + a1z + asz® +azz’ + - ) —E(ag—l—alx—i—---)—i—---
a a

(0.25) = apr + a17* + (ag — EO):U3 + (a3 — El):c‘l 4

Combining the results of the previous calculations, we see that

(0.26) 0=1y" + 2%y +sin(z)y

= (2a2 + 6asz + 12a42° + 20asx> + 30agz + - - - )+(a1x2 + 2a97° + 3agzt + - - -

+ (aox + a2 + (ag — %)x?’ + (a3 — %)afl + - )
(0.27) = (2a9) + (6az + ap)x + (12a4 + 2a;)z* + (20as + 3as — %)x?’
+ (30as + 4as — %)334 + -
2&2 =0
ap + 6CL3 = 0 N a
(0.28) = 241 + 12a4 = 0 — (as, a3, as) = (0, _EO’ -
— 2 4+ 3ay + 20a5 = 0
—% 4 day + 30ag = 0
(0.29) —[(8"(0),6"(0),6V(0) = (0, —ap, ~4a1)|
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Modified Problem 5.3.21: Solve the differential equation

(0.30) y +(z+Dy=1z+1

by finding a series solution and by using an integrating factor, then compare
YVOUI answers.

Solution: We will first solve equation (0.30) by finding a series solution. We

choose to find a series solution centered at x = —1 for convenience. Letting
(0.31)
:Zan(l' Zanx+1 )" =ag+ay(z+1) +as(z+1)*+
n=0 n=0
we see that
(0.32)  9/(z) = Z nan(z + 1)1 "2 Z(m + Dapm1(x+1)", and
n=0 m=0
(0.33) (z+ Dy(z) =Y aple+ 1" ZTY Vg (@ + DR
n=0 k=1
Since
(0.34) 1-(x+1) =y +(z+1)y Z (m~+1)an 1 (x+1) %—Za;C x4+ 1)F
m=0 k=1
(0.35) = a1+ Y ((n+Daner + ap) (x4 1),
n=1
we see that
ay =0
(036) 2&2 + ay = 1
(n—i— 1)an+1 + ap—1 = 0 forn >2
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1 — 1
(0.37) — g = ao, Ape] = — Tan-1 for n > 2
CLQ 1 — ao ay 1 — ao
0.38 Sayg= 2 M —
(0-38) METT T T2 T a2 ™
0 if n 1s odd.
(0.39) = ap -1 if n is even and n > 2
(—2)2 (3!

It follows that the series solutions to equation (0.30) i

m=%5 - (z 4 1)2m
(0.40) y(z) =" ap+ (ag— 1) Z Sl
mzl

aO mm'7
m:()

where ay can be determined by an initial condition if one is given

We will now solve equation (0.30) by using an integrating factor. For conve-
nience, we recall that equation (0.30) is

(0.41) v +(x+1)y=a+1.

Since the coefficient of ¢ is already 1, we see that the integrating factor I(x)
is given by

(0.42)

[(z) = el P@)dz — of (w1)de £ e(ﬁ;ﬂ.

Multiplying both sides of equation (0.41) by I(z) yields

(z+1)2 (z+1)2 (
(043) (2412 =2y + (z+1)e

€T 2 x 12 €T 2
(0.44) ey = / (z+ 1) o
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(a+1)?
(0.45) — y(x)=|1+ce 2
Recalling that
(0.46) Z x— we see that
n—0 n!
2
 (@41)? > (—@)” = (z+1)%"
047) ylz)=14ce 2 =1+ c; - 1+ c; 2l

By identifying m with n and identifying ¢ with ag — 1, we see that both
methods of solution yield the same answer.
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Problem 5.3.7: Determine a lower bound for the radii of convergence 4
and 7y of the series solution to the differential equation

(0.48) (1+2%)y" + 4oy +y =0,

centered at 1 = 0 and x9 = 2. Then find the series solution to equation
(0.48) centered at z9 = 2.

Solution: Firstly, we rewrite equation (0.48) in standard form to obtain

4o

0.49 "
(0.49) v 1+ a3

Y+

1_|_$3y:O.

We see that as long as 1 + 2® # 0, then all coefficient functions of equation
(0.49) are continuous. We see that for

T . T 1 3 1 3
(0.50) x € {e3’ ", e%z} ={;+ g ,—1, 5~ gz}, we have

(0.51)

We now see that all coefficient functions in equation (0.49) are continuous

in a ball of radius 1 (in the complex plane) centered at the origin, so a series
Page 8
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solution to equation (0.48) centered at z = 0 has a radius of convergence of at
least 1. Similarly, we note that

(0.52) 2 - (=1)] =3,

L
|
0
T
|
|
n

(0.53) yz—é ? 3 V3, \/(g)u(?)?:ﬁ, and

050 (=0l =+ = G2+ (SR =

V3. 3 V3 3., V3,
2 22 ¢5 2 V3

so the coefficient functions in equation (0.49) are continuous in a ball of radius
/3 (in the complex plane) centered at 2, so the series solution to equation (0.48)
centered at = = 2 has a radius of convergence of at least v/3.

We will now begin finding the series solution to equation (0.48) centered at
xr = 2. Firstly, we note that we can rewrite equation (0.48) as follows.

(055) 0= (1+2®)y" +4ay +y=(1+(x —2+2)")y" +4(x —2+2)y +y
(056) = (1+(z =2 +6(x —2)* +12(x —2) +8)y" +4(z —2+2)y/ +y

(0.57) = (z—2)%y" +6(x —2)%" + 12(x — 2)y" + 9" +4(x — 2)y/' + 29/ +y.

Since we are working with the series solution for y = y(z) centered at x = 2,
we have

(0.58) f: an(z —2)"

n=0

0,0)

(0.59) y(x) = (n+Dapp(z —2)",

n=0
Page 9
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(0.60) (z —2)y Z na,(z — 2)"

(0.61) y'(x) = i(n +2)(n + Dagsa(z — 2)",
(0.62) (x —2)y"(x) = nf:l(n + D)nap(z — 2)"
(0.63) (z —2)%"(z) = nzoo; n(n — Da,(z — 2)"
(0.64) (z —2)%y"(z) = nf;(n — 1)(n = 2)ap_1(z —2)", so

(0.65) 0= (z=2)%"+6(z —2)"y" +12(x — 2)y" +9y" +4(z — 2)y’ + 2y +y.

(0.66) Zn—l n—2)a,_1(x —2)" —|—6Znn—1)an(1‘—2)

n=3 n=2
+ 12 Z n+ )na,(x —2)" +9 Z(n +2)(n + Dayo(x — 2)"
n=1 n=0
—|—4Znan(x — 2)”+22(n—i— Day1(x —2) ”+Zan r—2)"
n=1 n=0 n=>0

(0.67)
= (ag+2a1+18as) + (5a1 +28ay +54daz) (x —2) + (21ag +82a3+108a4 ) (x —2)*

+ Z ((n —1)(n —2)ay—1 +6n(n — Da, + 12(n + 1)na,1
n=3
+9(n 4+ 2)(n + Vap1o + 4na, +2(n + 1)ay+1 + an> (x —2)"
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(0.68)
= (ap+2a1+18ay) -+ (5a; +28ay+54das) (x —2) +(21ay +82a3+108ay) (z — 2)?

+ Z ((n —1)(n —2)a,_1 + (6n° — 2n + 1)a, + (12n* + 14n + 2)a, 1

n=3

+9(n+2)(n+ l)an+2> (x —2)"

ag = y(2)
a; = y'(2)
aop + 2a1 + 18a9 =0
(()69) — bay + 28a9 + 54a3 =0
2las + 82a3 + 108ay = 0
(n —1)(n —2)ay_1 + (6n* — 2n + 1)a,
+(12n* + 14n + 2)ap11 + 9(n 4+ 2)(n + 1)a, 2 = 0 for n > 3

ap = y(2)

ar = y'(2)

(g = —gay — %ao

s = ——80,2 — = a
0.70 — TR 5
( ) ay = —%az& — ngaz

Ap19 = m (TL — 1)(n — 2)an_1

+(6n% — 2n + 1)a, + (12n? + 14n + 2)an+1) for n > 3

Once the recurrence in equations (0.70) is solved, our solution will be

(0. 9]

(0.71) y(x) = Z an(z —2)".

n=0
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